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For well-behaved topological spaces, there are several equivalent definitions for the fundamen- 
tal group. For example, we could use equivalence classes of loops under homotopy, or deck 
translations of the universal covering. For badly-behaved spaces, these definitions diverge. A 
comprehensive definition (for connected, locally-connected spaces) is given using chains of open 
sets from an open cover, instead of loops. In the limit we get a localic group which classifies tor- 
sors over the space. 
1. Defining the fundamental group 
Below, we list four ways to define the fundamental group of a topological space 
X. These definitions are equivalent for reasonably nice spaces, but we are interested 
in the not-so-nice spaces, and even locales, that arise in sheaf representations. For 
such spaces, different definitions are needed to capture the notation of the fun- 
damental group. Once we have a good definition of the fundamental group, rr, of 
these spaces, we can get a functor from sheaves to n-sets which is richer than the 
global sections functor. (The global sections correspond to elements of the associated 
n-set on which n acts trivially.) For some cases, rt must be either a topological group 
or a localic group. Note that locales are generalized topological spaces. See [9] and 
[lo], and also [8], for a discussion of what they are and why they are useful. We 
shall start by considering the following possible definitions: 
Definition 1 (the classical definition). The fundamental group is the group of equi- 
valence classes of loops under homotopy. 
Definition 2. The fundamental group can be defined as the deck translation group 
of the universal connected covering. If there is no such universal object, we can use 
the universal pro-covering (or similar space) as in Lubkin [ 141. The deck translation 
group is often, in effect, a topological group as it is isomorphic to the fibre over 
the base point, which has an induced topology. 
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Definition 3. The category of all coverings over X (and disjoint unions of covers) 
will often be equivalent to the category of G-Sets where G is a localic group. (In 
other words, we have a Galois theory of coverings of X.) We can reasonably take 
G to be the fundamental group. When G is a topological group, it agrees with the 
group found in Definition 2. 
Definition 4. This definition uses a Tech-type approach to the fundamental group. 
For suitable open covers “Y of the space, we can use chains V,, Vi, . . . , V, of over- 
lapping members of W as a ‘Cech-type path’ from V, to V,. There is a natural 
notion of homotopy for such chains which gives us a group x(X, W) for each open 
cover W. The inverse limit, n, of these groups is best taken in the category of internal 
localic groups. (n is often a topological group and agrees with the topological 
groups of the above definitions.) A complete definition is given in Section 3, below. 
Definition 1 works well for well-behaved spaces, but fails if there are not enough 
paths. A space can have loop-like features which can be ‘split’ by connected cover- 
ings but which cannot be circumnavigated by any path. (See [4].) 
Definition 2 does not depend on the classical notion of path, but gives a good 
definition for many spaces. The fundamental group then comes with a natural 
topology. A problem with this definition is that the universal pro-covering, or limit 
of the coverings of X, can reduce to just the base-point even when X has many non- 
trivial covers. 
Definition 3 repairs this fault. The resulting fundamental group projects onto the 
deck translation group of each connected covering of X. To achieve this, the fun- 
damental group has the structure of a localic group which is not necessarily topo- 
logical. (For spaces with a good universal pro-covering, the localic fundamental 
group is topological and agrees with the group obtained in the previous definition, 
see Proposition 4.3(a).) 
Definition 3 requires a base-point (or similar condition) in order to make sense. 
Non-trivial locales may fail to have any points. In this case Definition 4 is needed. 
Our main result is that these definitions enable us to identify the fundamental 
group for successively broader classes of spaces. For nice spaces, the definitions 
agree. Each definition agrees with its predecessor, when that definition makes 
reasonable sense. If X is a topological space, or even a locale, then there is a cor- 
responding topos of sheaves over X. The notion of a fundamental group for a topos 
has been examined in [l, 4,6,12,13,16]. Definition 4 agrees with the fundamental 
group of the topos of sheaves as defined in [12] and [16] for connected, locally con- 
nected toposes. 
Another approach to these questions can be found in the interesting paper [17], 
which directly generalizes the classical notion of path, see also [7] and [18]. 
Our notion of “Y-covering is clearly related to the constructions given by Lubkin 
[14]. We also extend a construction given by Banaschewski in [2]. This material 
seems to go more smoothly in the general domain of locales. 
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Sheaves and covers over locales 
Our terminology for locales is based on [9] which provides a clear and useful 
treatment. [8] and [lo] are also basic references (but with somewhat different ter- 
minology in each case). The concepts of connected and base and locally connected 
readily extend from topological spaces to locales. A locale is said to be clc if it is 
both connected and locally connected. 
Recall that F is a presheaf (of sets) over a locale X iff F(U) is a set for every U 
in X and if there is a restriction map F(U) -+ F( V) whenever VC U such that F is 
functorial. A presheaf F is a sheaf if F has the usual patching property whenever 
U= U U,. (In particular, F(0) consists of a single element.) Morphisms between 
sheaves (and presheaves) are natural transformations. 
Each presheaf can be sheafified by a reflective functor from the category of pre- 
sheaves to the subcategory of sheaves. For each set S there is a constant presheaf 
F for which F(U) = S for all U. We define d(S) as the sheafification of the constant 
presheaf on S. A sheaf is trivial if it is isomorphic to d(S) for some S. A sheaf F 
is trivial over U if the restriction of F to the elements I/ with I/L U is a trivial sheaf 
(in the locale J(U) of all 1/ with I/C U.) If F is trivial over U, say F restricted to 
l(U) is equivalent to n(S), then F(V) is naturally equivalent to S whenever U is a 
connected, non-empty member of l(U). 
A sheaf F is a covering space over X if it is locally trivial, that is, if X can be 
written as U Vi where F is trivial over each Ui. (As with spaces, sheaves on X can 
be represented by Ctale locales mapping to X. Thus a covering over X can be thought 
of as a kind of locale mapping to X.) 
2. W-chains, lyhomotopies and coverings 
Definition. A family C0’of elements of X is a base for X if every element of X can 
be written as a sup of members of W. We say that W is a connected base if: 
(1) W is a base. 
(2) Every element of V is connected and non-empty. 
(3) If VE W and if WC V, with W connected and non-empty, then WE ?% 
We say that a sheaf F is a %covering if F is trivial over I/ for each VE ‘K 
Remark. If X is clc and if F is a covering over X, then it is easily shown that there 
exists a connected base W for which F is a W-covering. 
Theorem 2.1 (Banaschewski construction). Let W be a connected base for a clc 
locale X. Choose any V, E W (as a ‘base point’). Then there exists a W-covering 
T= Cov(X, “L: VO) which is universal among %+overings in the following sense: 
There is a distinguished element [V,] in T( V,) such that if E is any other W-covering 
of X and if ee E(V,) there is then a unique sheaf morphism from T to E which 
takes [V,] to e. 
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Proof. In order to carry out the proof, we need some definitions: 
Definition. Let %‘be a connected base. Let U and W be in 77 Then by a Y-chain 
(resp. loose %/-chain) from U to W we mean a finite sequence (V,, Vi, . . . , V,) of 
members of W with V, = U and V, = W such that I$, and Vi have non-empty con- 
nected intersection (resp. non-empty intersection) for i = 1,2, . . . , n. 
If (v,, VI, . ..7 V,) is a W-chain from U to W and if (Y,, Y,, . . . , Y,,) is a ‘V-chain 
from W to Q, then the composition of these “Y-chains is the V-chain (V,, Vi, . . . , V, = 
r,, Y,,..., Y,) from U to Q. (In this way the ‘Vchains are the morphisms of a 
category whose objects are the members of ‘V.) 
Lemma 2.2. (i) Every loose Y-chain from U to Wean be extended to a v-chain from 
U to W (by inserting elements). 
(ii) If U and W are in “v, then there is a Y-chain from U to W. 
Proof. (i) Let (V,, Vi, . . . , V,) be a loose WV-chain. Insert, between P’_ I and vi, an 
element K, where K is any component of V, ~, Vi, for i = 1,2, . . . , n. (This is possible 
as X is locally connected.) The extended chain is then a W-chain from U to W. 
(ii) Let U be given and let ‘8 be the family of all VE W for which there exists a 
loose W-chain from U to V. Let 6@ be the family of all T/E V which are not in @. 
Then each member of FZ is disjoint from each member of 93 so X is the disjoint 
union of U E? and U 8. Since X is connected, 68 must be empty (note that U is in 
g). So there exists a loose VW-chain from U to any Win % The result now follows 
by applying (i). (This argument also appears in the appendix of [15].) [7 
Definition. The V/-chain (W,, W,, . . . , W,) is a simple refinement of (VO, V,, . . . . V,) 
if V,= W,, V,= W, and Vjc W, for i-l,2 ,..., n-1. 
An element V, of a F/-chain (V,, V,, . . . , V,) is redundant if F= v+ ]. If the W- 
chain W,=(W,, W,,..., W,,) is obtained by removing some redundant elements 
from V,=(VO, V,,..., V,), then W, is called a reduction of V,, and V, is a redun- 
dant extension of W,. (We regard each chain as both a reduction and a redundant 
extension of itself.) 
The 7khain W, = ( WO, .. . , W,,) refines the ‘V/-chain V, = (V,, . . . , V,) if W, is a 
simple refinement of a redundant extension of V*. This means that there are integers 
0 = i, < i, < . . . < i, 5 i, + , =m+ 1 such that WjC Vk for iksj<ik+i, and that WO= Vo 
and W,=V,. 
Definition. W-homotopy is the smallest equivalence relation for which two V-chains 
are equivalent if one is a simple refinement or a redundant extension of the other. 
Clearly two V/-chains are V-homotopic if one chain is a refinement of the other (but 
not conversely). 
Lemma 2.3. Y-homotopy behaves well with respect o the category of elements of 
TV and Y-chains between them. Specifically: 
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(ij 77homotopic chains have the same first and last elements (i.e. the same 
domain and range). 
(ii) ?Zhomotopy preserves composition, (Compositions of homotopic pairs of 
chains are homotopic. j 
(iii) The “Y-chain (U, W, Uj is v-homotopic to (Uj, the identity chain on U. 
(ivj (Vo, . . . . V,) is the “y_homotopy inverse of (V,,, . . . . V,j. 
Proof. (ij is obvious. (ii) follows from the observatoin that two chains are “t/- 
homotopic iff you can get from one chain to another by a finite sequence of simple 
refinements and redundant extensions. The existence of such finite sequences is 
preserved by composition. To prove (iii), let K be any component of Un W. Then 
(U, W, Uj and (U, U, Uj are both simply refined by (U,K, Uj and (U, U, Uj is a 
redundant extension of (Uj. Now, from (ii) and (iii>, we immediately get (iv). 0 
Notation. Let [V,, . . . , V,] denote the Vhomotopy class that contains the “Y-chain 
(v,, ... 9 &I. 
We shall let W denote not only a connected base but, more extensively, the 
category whose maps are W-homotopy classes of “t/-chains between members of ‘K 
Therefore, wHom(U, Wj is the set of all such homotopy classes from U to W. 
Definition. Let Y be a “Y-covering over X and let (I$, . . . , V, j be a W-chain from U 
to W. Let y E Y(U). Then y’~ Y( Wj is a translation of y along the “Y-chain if there 
exists yip Y(Fj such that y=ye, y’=y, and yj and yi+, have a common restriction 
to Y( V, fl V,, , j. It is readily shown that given y E Y( Uj and the ‘V/-chain from U to 
W, a translation of y along the chain exists and is unique. Moreover, translations 
along Vhomotopic chains are equal. (It suffices to show that simple refinements 
and redundant extensions produce the same translations.) 
Lemma 2.4. Let X be a locale and let W be a base which is closed under finite inter- 
sections. We shall say that F is a v-sheaf if F( Vj is a well-defined set for every V E Y 
and if there is a functorial restriction map such that F satisfies the patching property 
with respect to covers of members of Y by members of Z 
Then every v-sheaf extends uniquely (up to isomorphismj to a sheaf on X. More- 
over, the obvious map between W-sheaves also extend uniquely to maps between the 
corresponding sheaves. 
Proof. This lemma is well known and goes back to Grothendieck. A general version 
is given in [9, p. 1741. q 
Proof of Theorem 2.1. Let W be a given connected base and let V, be in W. Recall 
that Wis a category, where the maps are homotopy classes of chains. Define a sheaf 
Ton X so that T( Vj is VHom( VO, Vj. If WC V is connected and non-empty, then 
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define the restriction map from T(V) to T( IV) by composition with [V, W]. This 
definition of r(V) for members of ‘V extends to a sheaf in view of Lemma 2.4. 
We claim that T is the universal Vcovering. Let Y be any %/-covering and let 
e E Y( VO). For each h in T(V), define h’ in Y(V) as the translation of e along the 
V-homotopy class h. The mapping h + h’ defines the required morphism from T to 
Y. It is readily shown that this map is a natural transformation and is unique 
(among those sending [V,] to e). n 
We are therefore justified in denoting T as Cov(X, K IQ. 
Corollary 2.5. Using the notation of the above proof, let G be Hom( V,, V,). Then 
T is a G-Torsor. 
Proof. Let g E G be given. Then there is a unique mapping from T to T which sends 
[V,] to g. This defines the G-action on T and the remaining details follow from 
Lemma 2.4. 0 
Corollary 2.6. If VO and Vl are both in W then Cov(X, W; VO) is equivalent to 
Cov(X, “L: V,). (The equivalence depends on the choice of a chain from VO to V,.) 
0 
Proposition 2.1 (Cov(X, K V,) splits F iff F is a W-covering over X. (The definition 
and importance of the notion of splitting can be found in [4].) 
Proof. Let T=Cov(X, W; V,), as above. If T splits F, then it is easily shown that F 
is a W-covering. Conversely, let F be a “Y-covering. Let S = F( V,). Let S also denote 
the constant sheaf associated with the set S. Then S(U) = S for all connected, non- 
empty U. Define a map t from TX F to TX S as follows: If h E T(V) and y E F( V), 
let y’ in F( V,) be the translation of y along the inverse of h. Define t(h, y) to be 
(h, y’). It is straightforward to show that t is the desired splitting. 0 
Corollary 2.8. The category of Y-covers is equivalent to the category of G-Sets, 
where G = ‘VHom( V,, V,) for V, in W: The split objects of Shv(X) are precisely the 
covers of X. The locally split objects are precisely the quasi-covers. If X has a point, 
then this category of all locally split objects is equivalent o the category of n-Sets, 
where 7c is a localic group and the fundamental group of Shv(X). (All this assumes 
that X is a clc locale.) 
Proof. Follows from the results of [16] or [4] and the fact that every torsor is a 
cover, hence a W-cover for some 7% (See [4] and [13] for the definitions of split and 
locally split.) 0 
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3. The fundamental pro-group of X 
We recall from [12], that the fundamental group rc of a topos is an internal pro- 
group (or a left exact functor from the category of groups to the topos). An internal 
group G represents the pro-group which sends the set-based group H to the object 
Hom(G, AH) (where AH is the constant object and Horn refers to the internal object 
of group homomorphisms). 
In this section, we shall construct an internal loop group, rrr , for each con- 
nected base YK We then shall show that the fundamental group 71 is the limit of the 
internal groups 71% . Moreover, when a base point does exist, a similar limit will 
describe the localic group associated with the Galois theory of coverings over X. We 
start with a 
Definition. Let W be a connected base for X. Define 7c r (the sheaf of “Y-loops) so 
that rc7’( V) = VHom( V, V), the set of “Y-chains from I/ to I/ modulo Fhomotopy. 
If WC V, then there is a distinguished “Y-chain [W, V], from W to I/ and this 
enables us to define the restriction of a loop on V to a loop on W (conjugation by 
the chain [W, V]). Using Lemma 2.4, it is readily verified that this determines a 
sheaf. Composition of loops makes rcz into a sheaf of groups on X, thus an inter- 
nal group object in the topos Shv(X). 
Lemma 3.1. If 9@ and W are both connected bases, then so is GVfl P: 
Proof. Each U in X be written as U = U 5 with V, E V for all i since 7 is a base. 
Each v can be written as y= U WI with Wjj E 9&. But connected non-empty 
subsets of members of W are again in % Therefore each W~j is in ~%tl “Y and 
u=u wo. q 
Lemma 3.2. Let CV and V be connected bases with 9# c ?Y Then there is a canonical 
onto homomorphism from zM to rt7 . 
Proof. In view of Lemma 2.4, it suffices to define the homomorphism from TI+, ( W) 
onto rr7 (W) whenever WE 9k But every %+-chain from W to W is clearly a V- 
chain and ylL-homotopy implies Vhomotopy, so there is an obvious map from 
71 i)l ( W) to 7~ 7(W). This map clearly commutes with restriction and with the group 
operations so it remains to prove that it is onto. But, let (V,, . . . , V,) be a W-chain 
from W to W. Let K be any connected non-empty member of w with KC V,n V, . 
Using the argument of Lemma 2.2, we can find a w-chain from V, to K, such that 
the chain is entirely contained in V,. We can find a similar %+-chain from K which 
is entirely contained in V, etc. Eventually, we can construct a w-chain which 
refines (V,, . . . , V,). Since a refinement of a chain is W-homotopic, the w-chain 
which was constructed maps onto the “Y-chain which was given. 0 
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Theorem 3.3. Let X be a clc locale. Then the fundamental pro-group x of the topos 
Shv(X) is the limit of the internal groups 71% . 
Proof. Let H be any group. Since pro-group homomorphisms and natural transfor- 
mations go in opposite directions, we must show that z(H) is the filtered colimit 
of the internal objects Hom(n, , H). (For convenience, we use H instead of A(H), 
to denote the constant sheaf.) Recall that n(H) is defined as the colimit of all 
H-torsors and H-equivariant maps. So, let T be an H-torsor. Then T is a covering 
over X and is a W-cover for some connected base % Let VE W be given. We shall 
associate to each t E T(V) a group homomorphism t # : wHom( V, V) + H. 
We define t# as follows: Let y : I/ -+ I/ be a loop. Let t’ be the translation of t 
along y. There is a unique h E H for which t’= ht. Let t”(y) = h-l. (The use of h-l, 
rather than h, is an unpleasant consequence of composing Vchains in an unnatural 
order. If we reversed the composition, we would use h instead of h-‘. The basic 
problem is that the customary order for adding paths is the opposite of the customary 
order for composing morphisms.) It is readily shown that t# is a group homo- 
morphism. 
It remains to show that this correspondence (which sends t to t#) is a bijection. 
Let (x : W-Hom( V, V) + H be a group homomorphism. We must find an H-torsor T 
and an element t E T(V) for which t# is cr. For convenience, let G = VHom( V, V). 
Then Cov(X, % V) is a G-torsor and T= H@Cov(X, x V) is an H-torsor. Let t = @i 
(where i is the identity chain [V] and 1 is the identity of H). Then t is the desired 
member of T(V). The remaining details are straightforward. (If we use the notion 
of factorable pro-groups from [ 131, we can restrict our attention to connected 
torsors and onto group homomorphisms.) 0 
Base points. From now on, we shall assume that the clc locale X comes equipped 
with a base point 9 : 1 +X. In this case, the fundamental group 7r can be pulled 
back along W to obtain a pro-group in sets which is represented by a localic group 
n(X). In addition, for each connected base W the internal group x I can be pulled 
back to obtain a group rr(X, W) in Sets. 
We can regard 9 as a filter of open subsets of X such that U W, ~9 implies 
W, E P for some i. Then for each ^ Y we can choose V, E 9 fl “Y (as U Y= 1). We can 
readily identify x(X, W) with the group W-Hom( V,, V,) and n(X) will be the inverse 
limit of the groups n(X, W). We should note that if V,, Vr are both in %‘nP, then 
there is a canonical isomorphism from ‘W-Hom(l/o, V,) to V-Hom(Vt, V,) (con- 
jugate by [V,, K, V,] where K is the unique component of V,fl V, which lies in <9). 
This enables us to calculate n(X) from the connected bases. This construction and 
other results from [13] can be summarized as: 
Proposition 3.4, Let X be a pointed, clc locale. The fundamental group n(X) is the 
pullback of the internal fundamental pro-group along the base point. Moreover, 
n(X) has a natural action on the ‘fibre over the base point’ of every cover and quasi- 
What is the fundamental group? 195 
cover over X. With this action, the category of quasi-covers is equivalent to the 
category of (discrete) sets with a continuous action by n(X). 0 
The universal pro-covering 
We conclude this section by relating the fundamental group to the fibre over the 
base point of the universal pro-covering. To do this we need to think of coverings 
in a different way: 
Remark. So far, we have treated covers and quasi-covers as sheaves on the locale 
X. As with topological spaces, every sheaf corresponds to an Ctale locale over X. 
We shall examine covers from this point of view. The construction of the Ctale space 
for a covering sheaf is fairly straightforward. Let Y be a W-cover over X. Consider 
the partially ordered set P consisting of all pairs (V, c) where VE W and c E Y(V). 
Say that (W, d) G (V, c) iff WC V and c restricts to d. We also introduce ‘coverages’ 
(making P into a Grothendieck site) by letting {( Wi, d,)} be a coverage for (V, c) if 
each ( W,, d,) c (V, c) and U W, = I/. Then P is a presentation for the required locale 
Y over X. (So Y consists of all C-ideals of P, or subsets which are closed downward 
and which contain (V, c) whenever they contain a coverage of (V, c). This construc- 
tion can be found in [9, p. 571. See also [S, lo].) There is a frame map from X to 
Y which sends each U in X to the set of all (V, c) for which VC_ U. This is the cover- 
ing projection of Y over X. 
Convention. From now on, we shall regard a cover over X to be a locale Y with 
a covering projection p : Y-t X which is constructed as above. We say that Y has 
a section iff p has a right inverse. If Y is connected, then Y has a section iff p is 
an isomorphism (consider translations along Vchains - in this case Y is said to be 
the trivia/ covering). The notation Cov(X, V) will now denote the Ctale space cor- 
responding to the covering sheaf defined above. We assume that V, is chosen in 
‘Vng, where W is the base point of X. 
Definition. Let 42 be a collection of open subsets of the locale X, and assume that 
U 021 =X. A connected base Wrefines @ if every member of Wis contained in some 
member of ozd. We say that X is %-simply connected if whenever 4?/ refines W, then 
every “Y-covering of X has a section. (Such a covering is also called trivial.) 
We say that X is simply connected if every covering of X has a section. 
Notation. Let ‘w be a family of opens for a locale X and let f: Y+X be a localic 
map. Let f * : X-t Y be the associated frame map (so that f*(V) is the generalized 
‘inverse image’ of V). We let f *( 7) denote the family {f*(V) 1 VE “Y}. 
Lemma 3.5. Let X and Y be pointed, clc locales. Let f: Y+X be a base-point- 
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preserving map. Let ^Y be a connected base for X for which Y is f *(V/)-simply con- 
nected. Then f factors uniquely as f =pg where g is base-point-preserving and p is 
the covering projection for Cov(X, W). 
Proof. The existence of g follows by a standard argument - the pullback of 
Cov(X, W) along f produces a cover over Y, which, by assumption has a section, 
etc. For uniqueness, assume that such a g is given. We shall work with the frame 
morphisms f *, p* and g*, so f * = g p * *. Let VE v be given and let f*(V) = IJ U, 
(where the K,‘s and the Us’s are the connected components of the image). Then 
g*(u 4)=uK;. F or each i there is a unique (Y such that K,cg*(U,), and Ki is 
disjoint from all other g*(U,)‘s (as each K, is connected, and the Us’s are disjoint.) 
In this case, we say that ‘i belongs to a’. Now: 
g*(U,)=g*(U,)n(UK,)=U {K, /i belongs to a). 
So, it suffices to show that the question of which i belongs to which a is uniquely 
determined, independently of g *. For example, if V, is a member of Win the base 
point of X, and if K, is the unique component of f*(V,) in the base point of Y, 
and if Cr, is the unique component of p*( V,) in the base point of Cov(X, W), then 
it is clear that K, belongs to U,. (We sometimes say that ‘K, belongs to U,’ instead 
of ‘i belongs to a’.) 
Now let V# be given and let K# be a given component of f*(V”). Let Z be the 
largest connected base which refines f*(V). So Z consists of all non-empty, con- 
nected ‘subsets’ of f*(V) for I/E % It suffices to find a Z-chain (K,, . . . . K,), and 
a W-chain ( VO, . . . , V,) where K, and VO are in the base points, as above, where 
K,=K# and V,= V# and where K,cf*(F) for i=l,...,n. (For in this case, the 
determination of where each K, belongs relative to V, can be transmitted along the 
chain. Note that K, need not be an entire component of f *(I/;) for this to make 
sense, as Kj determines a component.) To construct the required chain, first note 
that there is a Z-chain from K, to K, = K # in view of Lemma 2.2. Moreover, we 
can assume that n is even and that K, c K,_ 1 nK;+ 1 whenever i is odd (by inserting 
components of such intersections as needed). Next, for each even value of j, choose 
q so that Kj c f *( V,), noting that V, and V, are pre-determined by the above con- 
ditions. For odd values of j, let “; be the unique component of “;_ 1 fly+, for 
which Kjc_f *(~j). This sets up the required chains. 0 
Definition. Let X be a pointed, clc locale. Then the universalpro-covering, Pro-(X), 
of X is the inverse limit (in the category of locales) of the above system { Cov(X, ‘V)} .
Clearly Pro-(X) has n(X) for the fibre over the base point (as pulling back along 
this point preserves inverse limits.) In view of the above lemma, we have 
Proposition 3.6. Let Y be a simply connected, pointed locale. Then any base point 
preserving map from Y to X lifts uniquely to a map from Y to Pro-(X). 0 
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4. Examples and observations 
4.1. Universal connected covering. Let X be a clc locale. Let us say that an open 
subset U of X is relatively simply connected if every covering of X restricts to a 
trivial covering of U. Then X has a universal connected covering iff the frame X 
is a supremum of relatively simply connected opens. 
4.2. Loops on Xandpoints ofzr(X). Let X be a topological space with base points 
x0. Then any loop f: [0, l] +X (with f(O)=f(l)=~e) determines a point in n(X). 
For if Wis any connected base, then we can cover the image off by finitely many 
members {V,} of % We can also arrange things so that there are real numbers 
o=Po<PI < ...<~~+~=l so thatfmaps [pi,pi+,] into K. Then (V,,...,V,) is a 
loose “Y-chain. We can make this into a -Y-chain by inserting the component of 
Vnvl+i which contains f(p,+,). Suppose that (IV,, . . . , W,) is another such V- 
chain. (By using redundant links as needed we can assume that the two chains have 
the same number of elements and even contain the same sets, f([pi, pi+ ,I).) Then 
the components of V’,n W, which contain this set form a common Vrefinement of 
the two chains. Therefore, for each connected base V, the loop f defines a unique 
member of rc(X, W). A similar argument shows that if %+c W, then the members 
of z(X, W) and n(X, 9’&) defined by f are compatible, so f determines a point in 
the inverse limit, z(X). Also note that homotopic loops correspond to the same 
points in n(X). (It suffices to observe that they have the same end points when lifted 
to paths in any covering.) 
Proposition 4.3. (a) Let {G;} be an inverse filtered system of (discrete) groups and 
onto group homomorphisms. Let G together with projections p, : G+ Gi be the 
topological limit of this system. Then G is also the Iocaiic limit iff each pi is onto. 
(b) If X is connected and locally path-connected, then x(X) is spatial and the 
classical loops on X correspond to a dense subset. 
Proof. (a) One direction follows from the result that the projections must be epi- 
morphic for the localic limit [8, p. 301 and the fact that a continuous map into a 
T, space is epimorphic in the category of locales iff it is onto. As for the other 
direction, we use the fact [16] that the category of localic groups which are inverse 
limits of discrete groups and onto maps is equivalent to the category of pro-groups 
which are also inverse limits of such systems. A direct check shows that the topo- 
logical group represents the inverse limit in pro-groups iff all projections are onto. 
As for (b), it is easily shown that, under the given hypotheses, each Vhomotopy 
class of WV-chains corresponds to a loop f and therefore arises from a point in the 
topological inverse limit of { 7t(X, W)}. The result now follows from (a). 0 
Remark. In view of this example, the topological fundamental groups found in [ 1 l] 
correspond to the fundamental group defined here. It is worth noting that both [ 1 l] 
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and [14] focussed on path-connected spaces. In the non-path-connected case, the 
fundamental group might be inherently localic, see 4.5 below. It also follows that 
Pro-(X) need not be simply connected, as the examples from [ll] now apply. 
4.4. The atomless part of a space. Identify each topological space X with its locale 
of open subsets. For each point PEX, let L, be the sublocale corresponding to the 
subspace X- {p}. The atomless part of X is the sublocale obtained by intersecting 
all of the Lp’s. We can also define this sublocale in terms of a nucleus, see [9, p. 
481, on the locale of all open subsets of X. For each open set CJ, let j,(U) be the 
set of all points p for which the union of U with {p} is open. Say that U is coperfect 
if U=j,(U). Define j(U) as the smallest coperfect set containing U. (Then the 
operation j can be obtained by transfinitely iterating j,.) 
Let L be the locale of all coperfect opens of X. Then L has finite infs (ordinary 
intersections) and arbitrary sups (given as j of the union). L then represents the 
atomless part of X. While L has no points, it need not be connected, or locally con- 
nected, even if X is. Also L may, or may not, have an interesting fundamental 
group. For example: 
(a) Let X be the real line. Then the atomless part is neither connected nor locally 
connected. Note, for example, that the supremum of (-co, 0) and (0, a~) is all of X. 
(b) Let X be the plane and let L be the atomless part. Then L is clc. Any coperfect 
connected open subset of X is still connected as a member of L, mainly because the 
removal of a point from a basic open set (say a disc) leaves a set which is still con- 
nected. Let V be a connected base for L. Then Yis a family of coperfect sets such 
that j(U “Y) =X. Any cover of U Wis a W-cover. Since r/can omit countably many 
isolated points (together with their limits) the universal ‘Vcovers can be quite large. 
I do not know if the topos of all covers has a point, or if there is a point, whether 
the resulting fundamental group is spatial. In any case, the fundamental group is 
large and complex. 
(c) Let X be R3, three-dimensional Euclidean space. Then L, the atomless part 
of X, is clc for the same reasons as in 4.4(b). Let W be any connected base and let 
C=X- U 7% Then Cov(X, W) is the universal cover of X \ C. But C is a closed, 
countable set. (C is closed and ‘scattered’ - contains no non-empty, perfect subset. 
Such a set is countable, as shown in [19] by considering condensation points.) But, 
as shown below, the complement of a closed, countable subset of R3 is necessarily 
simply connected. In view of 4.2 it suffices to consider loops. Such loops can be 
assumed to be polygonal. Consider three adjacent points, Pi, P2 and P3 of the 
polygon. Since P2 can be moved within a convex open set, we can arrange things 
so that none of the line segments P1P2, PIP3 or P2P3 intersect C. (For each point 
in C remove the line from C to P2 etc.) It is easy to set up a continuum of homo- 
topies from PIP2 + P,P, to PIP3 so that the images of the homotopies intersect 
only at the edges - the segments PIPS, PIP,, P2P3. Since C is countable, at least 
one homotopy misses C. So the polygon can be modified by reducing the number 
of sides. Eventually we get a triangular loop, which is, by the above argument, null- 
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homotopic in X-C. So all covers are trivial and so is the fundamental group. 
(d) Let X be a solid torus. Then its atomless part, L, is a clc locale by the above 
arguments. L is locally simply connected and the universal cover is the obvious one. 
4.5. A topological space with a non-spatial fundamental group. It is well-known 
(e.g. as discussed in [13]) that a limit of an inversely filtered family of groups and 
onto group homomorphisms can have a trivial (one-point) limit. Using the construc- 
tion of [5, p. 3 lo], we can construct a genuine topological space X with many non- 
trivial covers but with a trivial limit (in topological spaces) of these groups. It 
follows that the pro-covering is trivial too. This shows that it is necessary to take 
these limits in the category of locales, even if we start with an actual topological 
space. 
4.6. A space with no non-trivial covers but with a plausible, non-trivial ‘fundamen- 
tal group’. From [ 1 l] there is an example of a topological space X with no non- 
trivial covers but with a reasonable substitute for the universal covering. X has a 
simply connected fibration such that every map from a simply connected space to 
X has a unique base-point preserving lift to the fibration. The fibration has a deck 
translation group G which acts effectively on each fibre. G is in one-to-one cor- 
respondence with each fibre and thus inherits a topology, which makes G into a 
topological group. Therefore, G ought to be the fundamental group of X. In fact, 
if we ignore the topology on G, it is the classical fundamental group. G has plenty 
of open subgroups, but no non-trivial normal open subgroups. Connected covers 
of X would correspond to open normal subgroups of G. 
A closely related example is the topos of discrete sets on which G has a continuous 
action. (This turns out to be the Schanuel topos.) This topos has no non-trivial 
torsors (for constant groups) so its fundamental group, as defined in [l, 4,6,12,16] 
is trivial. Yet in some sense, its fundamental group should be G. 
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